Abstract. We introduce the notions of approximate cohomology and approximate homotopy in Banach algebras and we study the relation between them. We show that the approximate homotopically equivalent cochain complexes give the same approximate cohomologies. As an special case, approximate Hochschild cohomology is introduced and studied.
Introduction and Preliminaries
The notion of amenability for Banach algebras was first introduced by Johnson [3] . He showed that the definition of amenability is equivalent to vanishing of H n (A, X * ) for all n and all A-module X. Later, Ghahramani and Loy [2] generalized the notion of amenability and they introduced the approximately amenable Banach algebras. Here we introduce an equivalent definition for approximate amenability. To do this first we generalize the definition of Hochschild cohomology to approximate cohomology and then we show that the definition of approximate amenability is equivalent to vanishing of higher dimension approximate cohomology.
The paper is organized as follows. After some preliminary material and definitions in section 1, we define a concept of approximate cohomology for Banach algebras in section 2. Also we define a notion of approximate homotopically equivalence relation for two cochain complexes of Banach spaces and we show that if the cochains are approximate homotopically equivalent, then they will have the same approximate cohomologies. In section 3, we apply these notions for a certain cochain complex and we investigate some useful results.
Let A a Banach algebra and let X be a Banach A-bimodule. The dual space X * of X becomes a Banach A-bimodule via the following actions
x, a · ϕ = x · a, ϕ , x, ϕ · a = a · x, ϕ (a ∈ A, x ∈ X, ϕ ∈ X * ). (1.1) For a Banach algebra A, the projective tensor product A⊗A is a Banach algebra with respect to the multiplication defined by (a ⊗ b)(c ⊗ d) = ac ⊗ bd [1] . If X and Y are Banach A-bimodules, then X⊗Y becomes a Banach A-bimodule with the canonical actions. Also, we use the isometric isomorphism (X⊗Y ) * ≃ BL(X, Y * )( [1] ).
Recall that an A-bimodule X is called neo-unital if every x ∈ X can be written as a · y · b for some a, b ∈ A and y ∈ X. 
is called the n−th cohomology group of the cochain complex E.
Let A be a Banach algebra and let X be a Banach A-bimodule. Then, for every n ∈ N, the space of all bounded, n−linear maps from A into X is denoted by BL n (A, X).
Example 1.4. Let A be a Banach algebra and let X be a Banach A-bimodule. For every n ≥ 1, we take
In the case n = 0 we take E 0 = X and δ 0 : X → BL 1 (A, X) is given by δ 0 (x)(a) = a · x − x · a. Then the sequence E = (E n , δ n ) n≥0 is called the Hochschild cochain complex and
is called the n-th Hochschild cohomology of A with coefficients in X.
n F ) n∈Z be two cochain complexes of Banach spaces. A morphism ϕ : E → F is a family (ϕ n ) n∈Z of continuous linear maps ϕ n : E n → F n such that for every n ∈ Z, the following diagram commutes, 
the limit being in norm. That is, D = st − lim ν δ 0 (x ν ), the limit is taken in the strong topology of Definition 2.1. Let (E n ) n∈Z be a sequence of Banach spaces such that each E n is equipped with a topology τ n . For every n ∈ Z, suppose that δ n : (E n , τ n ) → (E n+1 , τ n+1 ) is a continuous linear map and
Sometimes for simplicity, we use E = (E n , τ n , δ n ) n∈Z for a τ -cochain complex.
is a subspace. We define
where the closure is taken in the topology τ n of E n . We call this quotient space, the n-th approximate cohomology of the complex E.
Proof. Consider a surjective map θ :
The kernel of θ contains B n (E), so there is an induced surjective mapθ :
(T ). Clearlyθ is injective if and only if
Note that the converse of Proposition 2.3 does not hold in general (see Example 3.3 below).
The proof of the following lemma is straightforward.
Corollary 2.6. Let E, F and ϕ be as in Definition 2.4. Then, ϕ induces a sequence ϕ = (ϕ n ) n∈Z of linear maps
Thus we can define a map
n F ) n∈Z be τ -cochain and ρ-cochain complexes, respectively. The (τ, ρ)-morphisms ϕ = (ϕ n ) n∈Z and ψ = (ψ n ) n∈Z from E into F are called approximately homotopic, if for every n ∈ Z there exists a family of bounded linear maps (ξ n α ) α from E n+1 into F n such that for every T ∈ E n , we have
whenever the limit exists. The family (ξ n α ) α,n is called an approximate homotopy of ϕ and ψ. Proof. By assumption, there exists a family of bounded linear maps (ξ n α ) α,n such that
Definition 2.9. Suppose that E = (E n , τ n , δ n E ) n∈Z and F = (F n , ρ n , δ n F ) n∈Z are τ -cochain and ρ-cochain complexes, respectively. Then E and F are called approximate homotopically equivalent, if there are two (τ, ρ)-morphism ϕ : E → F and (ρ, τ )-morphism ψ : F → E such that ϕ • ψ and ψ • ϕ are approximately homotopic to the identity morphism on F and E, respectively, that is, there exist two family of bounded linear maps (ξ n α ) α,n and (η n β ) β,n such that for every n ∈ Z we have ξ
Proof. Since E and F are approximate homotopically equivalent, there exist (τ, ρ)-morphism ϕ : E → F and (ρ, τ )-morphism ψ : F → E and two family of continuous linear maps (ξ n α ) α,n and (η n β ) β,n which satisfy in the equations (2.1) and (2.2).
Let n ∈ Z be fixed. Consider the induced map ϕ n : H n app (E) → H n app (F ) which is defined in Corollary 2.6. We show that ϕ n is an isomorphism. Let T ∈ Z n (E) be such that ϕ n (T + B n (E) τn ) = 0. Then
τn . Now by (2.1) we have
Thus T ∈ B n (E) τn . This means that ϕ n is one-to-one. Now, we show that ϕ n is surjective. Let S ∈ Z n (F ) be such that
Using (2.2) we obtain
Hence ϕ n • ψ n (S) + B n (F ) ρn = S + B n (F ) ρn which shows that the equation (2.3) holds. Thus ϕ n is an isomorphism.
Approximate Hochschild cohomology
Let A be a Banach algebra and let X be a Banach A-bimodule. In this section, we study the approximate cohomology in the special case when E = (E n , τ n , δ n ) n≥0 is the Hochschild cochain complex and τ n is the strong topology on E n = BL n (A, X). By definition, a net (T i ) i ⊆ E n converges strongly to T ∈ E n if (T i − T )(a 1 , ..., a n ) → 0 (a 1 , ..., a n ∈ A).
Note that for every n ∈ N, the map δ n : BL n (A, X) → BL n+1 (A, X) is strongly continuous. Throughout this section, for simplicity, we denote the Hochschild cochain complex by E = (E n , δ n ) n≥0 and all the limits being taken in the strong topology.
Definition 3.1. Let A be a Banach algebra and let X be a Banach A-bimodule. The space ker δ n is denoted by Z n (A, X). The elements of Z n (A, X) are called the n-cocycles and the elements of ran δ n−1 = B n (A, X) are called the n-coboundaries. Then for n ≥ 1 we define
is called the n-th approximate Hochschild cohomology of the complex E. 
Proof. We denote by ι, the injection map Y ֒→ X and by q, the usual quotient map X ։ X/Y. Since Y is complemented, q is an isomorphism, so it has a bounded right inverse p : X/Y → X.
We define a map ι 0 :
Note that since
Thus we obtain the sequence
and q 0 maps B n (A, X) into B n (A, X/Y ) and we have the sequence
Since ι 0 , q 0 and j are strongly continuous, the sequence (3.2) extends to the sequence
where the extended maps are still denoted by ι 0 , q 0 and j, respectively. These maps induce the maps ϕ 1 , ϕ 2 , ϕ 3 and ϕ 4 in the following sequence
which are defined by
We show that the sequence (3.3) is exact. To show exactness at H n app (A, X), we have to show that ran ϕ 1 = ker ϕ 2 , that is, for T ∈ Z n (A, X), the following cases are equivalent
(ii) There exist S ∈ Z n (A, Y ) and
For each α, we take S α = pT α and we put S = T − lim α δ n−1 X pT α which shows that (i)⇒(ii). For the converse, for every α, we put T α = qS α ∈ BL n−1 (A, X/Y ). Then
thus the implication (ii)⇒(i) holds.
To show exactness at H n app (A, X/Y ), we need to verify that ranϕ 2 = ker ϕ 3 , that is, for every T ∈ Z n (A, X/Y ), the following cases are equivalent
Taking S = pT − lim α δ n Y S α and R α = 0 for each α, we have
So, by (ii) we have δ
To show exactness at H n+1 app (A, Y ), we need to show that ran ϕ 3 = ker ϕ 4 , that is, for every T ∈ Z n+1 (A, Y ), the following cases are equivalent
By putting S = 0 and R α = S α , we have
where S α = pS + R α . Proof. Let X 2 = {a · x : a ∈ A, x ∈ X}. By [3, Proposition 1.8], X 1 and X 2 are closed submodule of X and X ⊥ 1 is complemented in X * . Also X 1 is a closed submodule of X 2 . By Theorem 3.5 the sequence
is exact. Since A acts trivially from left of X/X 2 , by Remark 3.4,
Thus we obtain an exact sequence
2 ). Since X 1 is a closed submodule of X 2 , replacing X with X 2 and X 2 with X 1 , we conclude that
Remark 3.7. Let A be a Banach algebra and let X be a Banach A-bimodule. Then, for every n ∈ N, BL n (A, X) is a Banach A-bimodule via the following actions, (a · T )(a 1 , ..., a n ) = a · T (a 1 , ..., a n ), and (T · a)(a 1 , ..., a n ) := T (aa 1 , ..., a n ) , a 1 , . .., a k a k+1 , ..., a n ) + (−1) n T (a, a 1 , ..., a n−1 ) · a n , (T ∈ BL n (A, X), a 1 , ..., a n ∈ A).
In the following theorem we will give an analogue of reduction of dimension for approximate cohomology.
Theorem 3.8. Let A be a Banach algebra and let X be a Banach A-bimodule. Then for every n ∈ N,
Proof. For every n ∈ N, consider the coboundary operator
By [4, Lemma 2.4.5] for i = 1, 2, we have an isometric isomorphism
defined by
Then for every a, b ∈ A,
.., a n ) − T (ab, a 1 , ..., a n ) + T (a, ba 1 , ..., a n ) + ... a, b)(a 1 , . .., a n ), so we have
that is, the following diagram commutes.
We show that a)(a 1 , . .., a n ) = δ n (T )(a)(a 1 , ..., a n ) = a · T (a 1 , ..., a n ) − T (aa 1 , ..., a n ) + ... , a 1 , . .., a n−1 ) · a n = (a · T )(a 1 , ..., a n ) − (T · a)(a 1 , ..., a n ) = δ 0 n (T )(a)(a 1 , ..., a n ),
Proof. Let X be a Banach ℓ 1 (H)-bimodule. By a conclusion similar to the prior of [ = (f · (g 1 g 2 ))(Hg 3 ).
The dual space of Y is ℓ ∞ (G/H, X * ) with the dual action (g 1 · F )(Hg 2 ) = h(m(hg 2 )g 1 ) · F (Hg 2 g 1 ) (F ∈ ℓ ∞ (G/H, X * )).
If T ∈ Z 2 (H, X * ), then we defineT ∈ ℓ ∞ (G 2 , X * ) bỹ If g i ∈ G, (i = 1, ..., 4) then substituting g 5 = h(m(Hg 0 )g 1 ), g 6 = g −1 5 h(m(Hg 0 )g 1 g 2 ) and g 7 = (g 5 g 6 ) −1 h(m(Hg 0 )g 1 g 2 g 3 ) in δT (g 5 , g 6 , g 7 ) = 0, we have δT (g 5 , g 6 , g 7 )(Hg 0 ) = 0, so thatT ∈ Z 2 (G, X * ). Thus by assumption, there exists a net (S α ) α ⊆ ℓ 1 (G, X * ) with
T (h 1 , h 2 )(H) = lim α δS α (h 1 , h 2 )(H).
For each α we define R α ∈ ℓ 1 (H, X * ) by R α (h 0 ) = S α (h 0 )(H). Then T = lim α δR α , which means that T ∈ B 2 (H, X * ) strong . Thus H 2 app (ℓ 1 (H), X * ) = {0}.
